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A
�

bstract. T
�

he complexity of biological systems, and the explosion of the quantity of biological inf
�
ormation which

is rapidly becoming available from experimental and clinical studies, necessitate the use of theoretical tools,
n� amely, mathematical and computational modeling. The vertebrate adaptive immune system, with its learning
a	 nd memory capabilities, is a particularly rich source of modeling challenges. Most difficu
 lt within this area is
t

�
he study of lymphocyte repertoires – the generation of their diversity and the forces that shap� e the ever-changing
d



ynamics of lymphocyte clones. I review several examples of problems in lymphocyte reperto� ire modeling,

d


emonstrate the types of solutions employed, and highlight the contribution of these theoret

�
ical studies to immu-

nological research.
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I
�
ntroduction

Biological systems are highly complex, not only due
t

�
o the large number of factors affecting any biological

p� rocess, but also because their dynamics are almost
a	 lways non-linear. The human mind, which tends to
t

�
hink in linear patterns, often cannot predict all the

p� ossible modes of behavior of a multi-factorial, non-li-
near system. Mathematical and computational mode-
l

�
ing can enhance the human mind as powerful tools for

forming increasingly complex “ thought experiments” ,
t

�
hus aiding the study of biological systems, from the

f
�
ormation of concepts to the design of experiments and

t
�
herapies. As a result, the closely-related fields of math-
e� matical and computational biology have in recent
y� ears experienced tremendous growth, paralleling the
e� xplosion of information obtained in all areas of biol-
o� gy. (For a glimpse of these fields, check out the
w� eb pages of the Society for Mathematical Biology:

w� ww.smb.org, or the International Society for Compu-
t

�
ational Biology: www.iscb.org.).

O
�

ne of the most intriguing challenges to theoretical
b

�
iologists is presented by the adaptive immune system,

o� ne of the only two biological systems capable of con-
t

�
inuously learning and memorizing its experiences.

T
�

heoretical immunology is currently a rapidly growing
field of research which is, nonetheless, highly inte-
g� rated with mainstream experimental and clinical im-
m� unology. Studies of the interactions of the immune
system with various pathogens, or of modes of regula-
t

�
ion within the immune system itself, are increasing in

n� umber and usefulness. Within this rich source of the-
o� retical problems, one particularly difficult area is the
study of lymphocyte repertoires: the generation of
a	 ntigen receptor repertoire diversity, the dynamics of
lymphocyte development under normal or immune-de-
ficient conditions, the forces of selection and interac-
t

�
ion with antigen that shape lymphocyte repertoires. My

Abbreviations used: BCR – B cell receptor, GC – germinal center, MHC – major histocompatibility complex, TCR – T cell receptor.
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i
�
ntention in this review is to describe some of the prob-

lems involved in the theoretical modeling of the com-
p� lex repertoires of B or T lymphocytes, and the solu-
t

�
ions found.

The difficulty in modeling lymphocyte repertoires
d



oes not result from the astronomic number of lympho-

c� yte clones in the human patient or the experimental
a	 nimal, even though the actual modeling of a com-
p� arable number of clones would require a much higher
c� omputing power than is available to the average the-
o� retician. In principle, studies on a smaller number of
c� lones can often give sufficient insight into the behavior
o� f the whole system. The main difficulty stems from
t

�
he need to formulate a description of the system on
several levels: genetic, molecular, cellular and sys-
t

�
emic. For example, when studying the selection of de-

v� eloping T lymphocytes in the thymus, there is only so
much one can do with a model that is limited to the
l

�
evel of cell population. Before long, the rearrangement

o� f T cell receptor (TCR) genes, and the interaction of
t

�
heir protein product with major histocompatibility

(MHC)-peptide complexes, must be taken into account.
Hence, it is not only the population dynamics within
e� ach clone (i.e. cell division, differentiation and death
p� rocesses) that must be modeled, but also the meta-dy-
namics: creation, selection and elimination of whole
c� lones in the population, and the molecular interactions
o� r genetic changes that form the basis for these meta-
d



ynamics. The response to the demand for increasing

c� omplexity depends on the problem at hand. No model
c� an integrate all aspects of the real system, nor should
it attempt to do so, because models must be simple
e� nough to enable an exact analysis. Hence, it is up to
t

�
he researcher to decide which aspects of the system to

focus on and which aspects to neglect in each part of
t

�
he study, as demonstrated below.

M
�

ulticlonal Competition Driven by Mutations:
t

�
he Repertoire Shift Problem

W
 

hen studying the humoral immune response, with
i

�
ts features of clonal selection of B lymphocytes and
a	 ffinity maturation of their antigen receptors, it is cru-
c� ial to take into account the dynamics of a number of
c� ompeting clones. Hypermutation is a genetic-level
p� rocess which stands at the base of the population
meta-dynamics through the creation of new clones, so
t

�
hat we need at least a two-level model. The intermedi-
a	 te level, that of molecular interactions between the
r! eceptor and its nominal antigen, has the important role
o� f determining the fate of B cell clones. For the purpose

o� f the present model, however, receptor-antigen inter-
a	 ctions can be modeled using a single parameter, the
a	 ffinity of the interaction, because affinity is by far the
m� ain factor affecting the fate of each B lymphocyte
d



uring the response. This is the strategy that was em-

p� loyed in a recent study of the problem of repertoire
shift.

Repertoire shift is a phenomenon in which anti-
b

�
odies dominating a primary response to antigen are

severely depleted, or even absent, in the secondary re-
sponse. The antibodies that dominate the secondary re-
sponse use variable (V) region genes that are different
f

�
rom those of the primary response. This shift is the

rule rather than the exception in responses to T-depend-
e� nt antigens, where hypermutation and affinity matur-
a	 tion occur21. Repertoire shift stands in apparent con-
t

�
radiction to the classical affinity-maturation paradigm,

w� hich predicts that dominant clones in the primary re-
sponse would be most readily recruited into memory
responses.

W
 

hy would a B cell clone, which is dominant in the
p� rimary response, be missing from the secondary re-
sponse? When one considers the role of somatic hyper-
mutation, a way to reconcile repertoire shift with the
a	 ffinity maturation paradigm becomes apparent: the
B cell clone expressing the primary-dominant antibody
m� ay fail to dominate the memory response because it
is more likely than lower-affinity clones to suffer dele-
t

�
erious mutations. The process of affinity maturation is

g� enerally thought to improve the affinity of antibodies
t

�
o antigen through mutation and selection. If, however,

a	  B cell clone begins with a relatively high affinity to
t

�
he antigen, a random mutation would be more likely
t

�
o decrease rather than increase its affinity. At the same

t
�
ime, other, previously minor clones, which can im-

p� rove through mutation, may become dominant clones.
T

�
his hypothesis can best be visualized by assuming

t
�
hat, in sequence space, the “ landscape”  of antibody

a	 ffinity to the antigen is quite rugged17, with many local
“peaks”  and “valleys” . The process of affinity matura-
t

�
ion at most takes each antibody from where it started

o� n this landscape only to the nearest local peak, which
m� ay not be the point with the highest affinity to the
a	 ntigen in question. The antibody that dominated the
p� rimary response may thus end up at a local affinity
p� eak that is lower than the final peaks reached by anti-
b

�
odies that started at different, initially lower points on

t
�
he landscape. Indication that the affinity landscape is

i
�
ndeed “ rugged”  comes from findings of single muta-

t
�
ions that confer a large (up to 10-fold) increase in af-
f

�
inity23.

As only the end results of mutation and clonal se-
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l
�
ection can be observed experimentally, we chose to use

mathematical modeling and computer simulations of
t

�
he dynamics of B cell clones to test the above hypo-
t

�
heses21. The model that we used consists of an array

o� f B cell clones which can proliferate, differentiate and
mutate in response to antigenic stimulation (Fig. 1).
E

"
ach clone is assigned a number that represents the

a	 ffinity of interaction between the cell’s antigen recep-
t

�
or and its nominal antigen. Members of each clone

m� ay belong to the naive, activated, germinal center
(GC), memory, or plasma cell subsets. There is con-
stant input of naive cells from the bone marrow, while
f

�
urther differentiation (emigration of cells to the next

c� ompartment) depends on interaction with antigen pro-
p� ortional to the affinity of the cell’s receptor to the
a	 ntigen and to the amount of antigen present. Prolife-
ration is also antigen-dependent and assumed to occur
o� nly in the activated and GC compartment. Cell death
m� ay occur in all compartments. The transition from GC
t

�
o memory cells is assumed to be antigen-independent,

a	 nd memory cells can also be re-activated by antigen.
A

#
ntigen depletion results from consumption by acti-

v� ated and plasma cells. The rates of all these processes
w� ere taken from the literature or from previous models.
M

$
utations were modeled by taking cells from the GC

c� ompartment and allowing them to “mutate” , that is,
r! andomly obtain new values of their affinity number.
The rate of mutation in the simulations was adjusted to
fit what is known from experimental systems, taking
into account the probabilities that a mutation will be
silent, lethal, neutral or advantageous.

For a single clone, a mathematical analysis of the
d



ifferential equations describing the above model may

have been sufficient. However, we were interested in
t

�
he much more complex dynamics of affinity matura-

t
�
ion which emerge when a large number of clones com-
p� ete for a given antigen. Additionally, we included in
o� ur model the genetic-level process of hypermutation,
w� hich is discrete and stochastic. Hence, we turned to
c� omputer simulations of this model. Simulations which
d



id not take into account the above-described “ land-

scape”  hypothesis, assuming instead that production of
m� emory cells is proportional to the clone’s initial af-
finity, generated the picture predicted by the affinity
m� aturation paradigm: clones that dominated the pri-
mary response continued to dominate the secondary re-
sponse, that is, there was no repertoire shift. However,
t

�
he total numbers of cells at the peak of each response,

t
�
he timing of the peak and the decline of the response,

a	 ll agreed with experimental observations8, 9, confirm-
i

�
ng that we had chosen a reasonable set of parameter
v� alues. Hence, we proceeded to incorporate alternative

h
%
ypotheses concerning the cause of repertoire shift into

o� ur model.
T

�
o incorporate the “ landscape”  hypothesis in the

model, we have set mutation probabilities such that
most mutation-induced affinity changes are small,
w� hile large “ leaps”  in affinity are relatively rare. Selec-
t

�
ion was applied in our model in the following way: if

t
�
he post-mutation affinity is smaller than the pre-muta-

t
�
ion affinity, the cell fails selection and dies. A cell is

p� ositively selected, forming a new sub-clone, only if
mutation has improved its affinity by a certain factor,
w� hich is a parameter in the simulation. If the improve-
m� ent is smaller, the mutation is ignored. Simulations
w� ith mutation and selection thus implemented give
a	  rich and realistic picture of repertoire shift, evident in
a	 ll relevant cell subsets, i.e. the activated, plasma, GC
a	 nd memory B cells. If we extend our simulations to
include a third and even a fourth antigenic challenge,
t

�
he clones that dominate the secondary response con-

t
�
inue to dominate subsequent responses, in agreement

w� ith experimental observations. This means that the
o� ptimal receptor for most antigens can be found by the
immune system following the first encounter with the
a	 ntigen, even though it does not exist in the germline
r! epertoire. Repertoire shift is more pronounced if the
d



istribution of mutations is made narrower, that is, if

a	 dvantageous mutations are more rare. This supports
o� ur key point, that repertoire shift results from the de-
structive aspect of hypermutation on antibodies that had
a	  high affinity to the antigen prior to mutation. Second,

Fig. 1. A schematic representation of the humoral response simula-
tion. The simulation is structured as an array of B lymphocyte
clones, each associated with a number representing their relative
affinity to the antigen. Each clone contains five B cell subsets:
naive, activated, plasma, germinal center (GC) and memory. The
transitions between the subsets are depicted here as arrows and
marked with an asterix if they are antigen-dependent. Activated and
GC cells may also proliferate (denoted by small arrows which return
to the same compartment they exit from)
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a	 s expected, a similar effect is observed when increas-
ing the relative advantage conferred by mutations, or
t

�
he stringency of the selection operating on newly

g� enerated mutants.
A related question is whether the average affinity of

a	 ntibodies to the antigen increases between the primary
a	 nd the secondary response2

&
3. Experimental studies7

'

c� oncluded that the main effect of somatic hypermuta-
t

�
ion on the primary antibodies must be destructive,

m� aking way for the appearance of new clones, which
supports our present conclusion. Studies of the humoral
immune response have traditionally focused on the
p� ositive aspect of somatic hypermutation. The para-
d



igm of affinity maturation, stating that B cells taking

p� art in the secondary response are “ improved versions”
o� f those that dominated the primary response, is often
c� onfused with somatic hypermutation. One should keep
in mind that somatic hypermutation is only the mech-
a	 nism generating candidates for affinity improvement,
o� n which selection then operates. One must remember
t

�
hat affinity-improving mutation is more likely to be
a	  rare event in a multitude of deleterious mutations.
A thorough understanding of the humoral immune re-
sponse must acknowledge the destructive aspect of
h

%
ypermutation.

From the point of view of modeling, it is noteworthy
t

�
hat the rich dynamics of hypermutation, affinity ma-

t
�
uration and repertoire shift were obtained in the model

u
 sing only ten initial B lymphocyte clones. This is
c� omparable to what was found in in vivo studies8, 22.
T

�
he key points were the realistic description of B cell

subsets within each clone combined with a model of
m� utation and selection which captured the essential fea-
t

�
ures of the “ landscape”  hypothesis.

Combining Genetic and Cellular Processes:
Antigen Receptor Gene Rearrangement

The next example is of a problem requiring a simu-
lation of much larger numbers of clones, with many
more parameters linked to each clone: the problem of
r! andomness versus sequentiality in antigen receptor
g� ene rearrangement. This series of studies addressed
t

�
he apparent contradiction between continuous antigen

receptor gene rearrangement in lymphocytes and allelic
e� xclusion.

The problem

T
�

he long-accepted concept of allelic exclusion
states that antigen receptor chain genes in B and T lym-

p� hocytes are expressed from only one of the two alleles
in each cell, ensuring that each lymphocyte expresses
a	  single antigen receptor specificity on the cell surface.
R

(
ecent evidence suggests, however, that in the B cell

receptor (BCR) light chain14 and in the TCRα c� hain19,
rearrangement may not stop after a productive receptor
g� ene has been formed and expressed. Secondary light
c� hain rearrangements occur not only after non-produc-
t

�
ive rearrangements, but also after productive rear-

r! angements that render a B cell autoreactive (“ receptor
e� diting”)2

&
0, resulting in one of the mechanisms of cen-

t
�
ral tolerance. However, if the choice of allele for sec-

o� ndary rearrangements is random, it is (at least theore-
t

�
ically) possible that a cell will rearrange and then
simultaneously express two different light chains. How
t

�
hen, if at all, is allelic exclusion maintained in the face

o� f continued rearrangement?
For αβ T cells, the situation is even more com-

p� lex19. Rearrangement and expression of TCRα chain
g� enes does not stop after the expression of the first
r! earranged α chain, but appears to continue until the
c� ell either is positively selected or dies. Due to the lack
o� f allelic exclusion in TCRα, a T cell may not only
c� ontain two productively rearranged TCRα alleles, but
a	 lso simultaneously express the two resulting TCRs.
Indeed, the frequency of T cells simultaneously ex-
p� ressing two different Vα genes was found16 to vary
b

�
etween 10–4–10–3. Only the cell surface expression of

t
�
hree Vα genes was monitored, which means that the

frequency of T cells expressing a) ny pair of Vα genes
m� ay be orders of magnitude higher. Independently,
26% of various T cell clones were found to contain two
p� roductive Vα-Jα rearrangements12, 13. This is an
a	 larming discovery, because an αβ T cell that matures
in the thymus expressing two different TCRs may be
p� ositively selected on one of them, while the other TCR
m� ay be autoreactive. Why, then, is allelic exclusion not
maintained in TCRs?

T
�

he observations of allelic inclusion in TCRα raise
several more questions. Can allelic inclusion be fully
a	 ccounted for by multiple rearrangements alone? Do
t

�
hese rearrangements occur completely at random, or is

t
�
here some underlying order? What is the role of posi-

t
�
ive and negative selection in driving, or limiting, the

p� rocess of TCR gene rearrangement? Several previous
models, which attempted to explain experimental ob-
servations such as the fractions of cells containing two
p� roductive TCRα rearrangements did not sufficiently
a	 ccount for TCR gene organization, which limits sec-
o� ndary rearrangement or for the effects of subsequent
t

�
hymic selection. The work described in the following

w� as designed to address these questions.
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The simulation

W
 

e first created a stochastic simulation of BCR
g� ene rearrangement14. The general structure of the
simulation is given in Fig. 2. It simulates the following
steps in a developing B cell’s life:

– Cell “birth” : the simulation starts with all light
c� hain genes in the unrearranged (germline) state;

– Light chain choice: decision whether to rearrange
κ or λ

*
 next;

– BCR κ rearrangement: choice of which allele to
r! earrange and, on this allele, which Jκ segment to use.
J

+
 segments 5’  to the chosen segment are deleted;

– BCR λ
*

 rearrangement-similar to κ rearrange-
ment, but without deletion;

– Selection: probabilistic decision whether the rear-
rangement is in-frame, whether the resulting light chain
c� an pair with the existing heavy chain, and whether the
r! esulting BCR is autoreactive (anti-self). 

Rearrangement is repeated until a productive, H/L-
-matched, non-autoreactive BCR is produced, or until
t

�
he cell dies. Cells containing an anti-self rearrange-

ment are assigned a high death probability. Cells con-
t

�
aining only out-of frame V-J joins, H/L-mismatched

h
%
eavy-light chain pairs, or germline κ, are assigned

a	  moderate death probability. If any of the latter types of
c� ells do not die, they may attempt secondary rearrange-
m� ents. Cells containing one in frame, H/L-matched,
non-autoreactive rearrangement are allowed to mature.

T
�

he parameters for the simulation, that is, prob-
a	 bilities of death in each stage, probabilities for isotype
o� r allele choices, etc., were changed in each run within
t

�
he biologically plausible ranges. For example, the

p� robability for a V-J rearrangement to be productive is
o� ne third, because this is the probability that V will be
j

,
oined to J in the correct reading frame. On the other
hand, the death rate of autoreactive cells is not known
a	 nd, hence, a whole range of values was studied in the
simulations.

T
�

he simulation of TCR gene rearrangement was
similar, with several extensions: 1) it records all vari-
a	 ble region segments, V, D and J, for the four possible
c� hains α, β, γ and δ, 2) it has three types of selection:
o� ne at the pre-TCR stage checking that the β chain is
functional, and then positive and negative selection of
c� ells expressing an αβ TCR, 3) the simulation allows
for cell division and follows all cells in each lineage.

T
�

he description of the rearrangement status of each
a	 llele of each receptor chain, including the probability
for further rearrangement associated with each individ-
u
 al segment, necessitates the use of a large number of
p� arameters associated with each cell. Fortunately, we

c� ould reduce the amount of computation involved by
r! educing the description on the level of cell population
d



ynamics to that of a single subset of cells, its divi-

sions, death and so on. Again, selection was described
b

�
y a single parameter, neglecting the details of the

molecular interactions. Additionally, there was no need
f

�
or simultaneity, so cells could be simulated one at

a	  time. This was fortunate, because we found that we
had to simulate very large numbers of cells (up to 105

-

in the BCR simulations) in order for the properties of
t

�
he repertoire to be stable between simulations. In the

TCR rearrangement simulations, with high cell division
p� robabilities, an order of 104 individual cells may all
b

�
elong to a small number of clones. Thus, it was

necessary to include a large number of independent
c� lones (each possibly containing many cells) in each
simulation, for parameters such as the ratio to stabilize.
The number of clones was considered to be sufficient
w� hen both inter- and intra-simulation variabilities were
small (less than 10% of the initial variability). This was
a	 chieved for all quantities measured by generating 4000
independent clones in each simulation (data on vari-
a	 bility not shown). The variability criterion thus
d



efined helped to identify the proper division prob-

a	 bilities (probability of division following β-selection

Fig. 2. A schematic representation of our simulation of light-chain
gene rearrangement. Actions are depicted in rectangles and deci-
sions are depicted in diamonds. P

.
d is the death probability of cells

that have not been subjected to negative selection, while Pdas is the
death probability of “anti-self”  cells that have been negatively se-
lected (Pdas>Pd)
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a	 nd following positive selection of αβ T cells) to be
u
 sed in the simulations.

R
/

esults: BCR gene rearrangement

The observed ratio between κ light chain- and λ
*

l
�
ight chain-bearing B cells in murine serum is about
20 : 1; even in immature murine bone marrow cells it
is larger than 10 : 1. It is controversial whether the κ : λ
r! atio can be explained solely on the basis of the higher
p� otential for multiple rearrangements in the κ locus,
c� ombined with immature B cell death due to negative
selection, without assuming preferential expansion of
κ B cells over λ

*
 B cells14.

I
0
n addition to explaining the high κ : λ ratio, the

p� ostulated ability of a B cell to make secondary rear-
rangements on a single κ allele could explain why
a	 bout 70% of mouse splenic κ B cells have only one
r! earranged κ locus, the other one remaining unrear-
ranged3

1
. It would also explain why in mice that have

o� nly one functional κ locus, κ B cell production is
a	 bout 70% (rather than one-half) of that in wild-type
mice2

&
. Furthermore, it has been suggested2

&
, 6, 23 that

rearrangement may proceed sequentially rather than
stochastically, that is, that 5’  Jκ segments are used be-
fore 3’  Jκ segments. Hence, the following question
a	 rose: can ordered rearrangement account for the ob-
servations on allele bias, Jκ usage and the κ : λ ratio?

W
 

e tested the hypothesis of allele bias (preference
t

�
o rearrange a rearranged allele first) as follows: simu-
l

�
ations were performed with either no bias (choice of

t
�
he allele for the next rearrangement is completely ran-

d


om) or strong bias (the cell continues rearranging the

a	 lready-rearranged allele until there are no more Jκ seg-
ments available for rearrangement on that allele, and
o� nly then it may switch to the other allele). The results
w� ere compared to experimental observations. Similarly,
w� e tested the hypothesis of sequentiality in Jκ usage,
u
 sing simulations in which the choice of the next J seg-
ment for rearrangement was either random, strictly se-
q2 uential (first Jκ1, then Jκ2, and so on) or quasi-se-
q2 uential (an intermediate case with partial bias, that is,
p� reference of Jκ1 and Jκ2

3
 over Jκ4

4
 and Jκ5

5
). We also

c� hecked the influence of parameters, such as the prob-
a	 bility of choosing κ over λ

*
, and the stringency of ne-

g� ative selection as expressed by death probabilities, on
t

�
he resulting repertoires.

W
 

e have found that BCR gene rearrangement is
o� rdered on three different levels, as follows. First, our
simulations support the notion14 that κ light chain rear-
r! angement precedes λ

*
 light chain rearrangement in

most, if not all, cases. Second, our results strongly sup-

p� ort the hypothesis of allele preference, that is, once
a	  rearrangement exists on one of the κ alleles, the cell
is more likely to perform secondary rearrangement, if
n� ecessary and possible, on the same allele rather than
switching to the other κ allele. Allele preference fully
e� xplains the high fractions of κ light chain B cells that
c� ontain κ rearrangements on one allele only, even with-
o� ut additional cell divisions. Third, our results show
t

�
hat experimental observations are consistent with the

h
%
ypothesis of quasi-sequential rearrangement within

e� ach κ allele. That is, when Jκ1 and/or Jκ2 are avail-
a	 ble for rearrangement, the cell is more likely to choose
o� ne of these segments over Jκ4

4
 or Jκ5

5
.

The effect of negative selection is determined by the
d



eath probability of cells that have not succeeded in

p� roducing a productively rearranged, non-autoreactive
BCR. We found that the higher the death probability,
t

�
he larger the κ : λ

*
 ratio. Cells are allowed few rear-

r! angement attempts and, hence, are likely to die before
e� xhausting κ and proceeding to λ

*
 rearrangements. Our

simulations show that, in order for the results to be
c� onsistent with experimental observations, we must as-
sume that negative selection limits the number of rear-
rangement attempts to 2–3 per cell, in agreement with
p� revious results15. Therefore, we refer to BCR rear-
rangement as a negative selection-limited process.

T
�

aken together, the above results reveal our pro-
p� osed answer to the question of allelic exclusion in
B cells. We propose that B cell allelic exclusion results
from a high degree of order in gene rearrangement and
a	  stringent process of negative selection. A high degree
o� f order allows a B cell to maximize the number of
r! earrangement attempts, first on one allele and then on
t

�
he other. Then, because negative selection limits the

number of rearrangement attempts to 2–3 per cell, or-
d



ered rearrangement means it is likely that all these

a	 ttempts will be on a single allele. Thus, it is extremely
u
 nlikely for two p6 roductive rearrangements to exist
simultaneously on two light chain alleles. This results
in the almost complete absence of cells expressing two
d



ifferent BCRs from the repertoire, i.e. in effective al-

lelic exclusion. Ordered secondary rearrangements thus
m� aximize the cell’s ability to make a productive, non-
-autoreactive rearrangement before exhausting all Jκ
segments.

Results on TCR gene rearrangement

O
�

ne of the measurable quantities which has received
much attention in the literature is the αβ : γ7 δ ratio in
t

�
hymocytes and mature T cells, which can be 20 : 1 or
e� ven higher, depending on the tissue studied. Theoreti-
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c� al predictions based on models that do not include
multiple rearrangements fall around 2 : 1, which is far
from the experimentally observed range of values. The
d



ifference was attributed to cell division. Our simula-

t
�
ions showed that both multiple rearrangements and cell

d


ivisions are required in order to explain this ratio, in

c� ontrast to the situation in B cells, where there was no
need to invoke cell divisions. The ratio increases with
t

�
he number of cell divisions after β selection and after

t
�
hymic selection. Conversely, the ratio decreases when

w� e increase the death probabilities of cells that fail
β selection or αβ selection. Additionally, the αβ : γ7 δ
r! atio increases with the probability that β rearrange-
ment will precede δ rearrangement.

T
�

he measure for the extent of allelic exclusion, or
r! ather allelic inclusion, in T cells is the fraction of
TCRα “double productives” : T cells that carry produc-
t

�
ive TCRα rearrangements on both alleles. Theoretical

m� odels predict that secondary rearrangements are
necessary to explain the experimentally observed frac-
t

�
ion of up to 26% TCRα “double productives” . Our

simulations examined the dependence of this quantity
o� n the degree of order in TCRα rearrangement and on
selection probabilities. Fractions of TCRα “double-pro-
d



uctives”  higher than 20%, as observed experimentally,

a	 re obtained in our simulations only when we allow
m� ultiple TCRα rearrangements, but assume they are
u8 nbiased. Thus, the results of these simulations cannot
e� xclude the hypothesis that multiple rearrangements in
T cells are random, rather than ordered as was found
f

�
or the B cell light chain. At least, if there is order in

TCRα rearrangement, it is masked by the large number
o� f rearrangements per cell (10–12 rearrangements in
o� ur simulations). The high fraction of residual rear-
ranged δ alleles in αβ T cells (measured to be as high
80%) would imply, according to our simulations, that
T

�
CRα rearrangement is ordered, at least on the level of

a	 llele bias. However, most of the observed residual re-
a	 rranged δ alleles probably exist on extra-chromosomal
e� xcised DNA circles11. An experimental clasification of
t

�
he status of these δ rearrangements, combined with our

a	 nalysis, could lead to a determination of the degree of
a	 llele bias in TCRα rearrangement.

A novel quantity defined in this study, for which no
o� bservations exist, is the fraction of cells with an auto-
-reactive receptor among the TCRα “double-produc-
t

�
ives” . This fraction is independent of multiple rear-

rangements because it depends only on the last
r! earrangements on the two alleles. However, we found
t

�
hat the fraction of autoreactive “double-productives”  is

h
%
ighly sensitive to the death rate of auto-reactive thy-

mocytes. If this rate is low, as it must be to get 26%

“double-productives” , then the fraction of autoreactive
“double-productives”  can be as high as 70%. This value
is only an upper bound, since it was obtained for the
c� ase in which the cell is selected only according to its
last rearrangement. Otherwise, this number will be
lower, and will also depend on the relative expression
l

�
evels of the two receptors, which are not addressed by

t
�
he current model. More experimental data would be

b
�
eneficial for settling this issue, which may help elucidate

i
�
nstances of escape from central tolerance in T cells.

TCR vs. BCR gene rearrangement

In spite of the strong similarities revealed in our
studies between the way rearrangement seems to oper-
a	 te in B and T cells, it is worthwhile to note a crucial
d



ifference between the development of T cells and that

o� f B cells. While BCR rearrangement seems to be
l

�
imited by negative selection only, T cell development,

o� n the other hand, seems to be limited by positive rather
t

�
han by negative selection: developing T cells in the

t
�
hymus are allowed a much more generous time win-

d


ow for continued TCRα rearrangement, so that

multiple rearrangements on b
9

oth alleles become the
r! ule rather than the exception. Furthermore, while
B cells generally exhibit allelic and isotypic exclusion
d



ue in part to ordered rearrangement, receptor gene

rearrangement in T cells is far less ordered. As a result,
t

�
he probability that a cell will contain more than one

p� roductive rearrangement of the TCRα chain, and even
e� xpress two TCRα chains simultaneously, is far from
negligible. Moreover, positive selection may rescue the
c� ell from death and allow it to mature, based on the
v� irtues of only one of its expressed receptors, as long
a	 s the other receptor is not so extremely auto-reactive
a	 s to cause immediate deletion of the cell. This is
a	  potentially dangerous situation because the second re-
c� eptor may still be weakly autoreactive or, worse, may
b

�
e specific, with high affinity, to a self-peptide that is

not presented in the thymus. In spite of the existence
o� f peripheral mechanisms of self-tolerance which safe-
g� uard against improper activation of T cell, such im-
p� roper activation does sometimes happen. Thus, under-
standing TCR gene rearrangement, selection and
e� diting is key to understanding autoimmunity.

Molecular Interactions and Their Effect 
o: n Clonal Dynamics: T Cell Selection

I
0
n the previous examples, we focused on the genetic

p� rocesses (gene rearrangement or mutations) which
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d


rive population meta-dynamics mostly through the

c� reation of new clones. On the other hand, selection
p� rocesses, which decide fate of the clones – survival or
d



eletion condensed into a single parameter repre-

sentation. The find example in this paper demonstrates
t

�
he complementary approach, of focusing in detail on

t
�
he molecular interactions underlying clonal selection

(of thymocytes, in this case) while neglecting the
g� enetic details for the sake of simplicity.

T
�

he initial T cell repertoire, after its creation
t

�
hrough gene rearrangement, is further shaped in the

t
�
hymus by two selection processes. Positive selection

p� romotes the differentiation to a further developmental
stage of cells bearing receptors with a sufficiently large
a	 ffinity for peptides presented on molecules of the
m� ajor histocompatibility complex (MHC) expressed in
t

�
he thymus. This confers to T cells the property of self
MHC restriction: they recognize peptides presented in
t

�
he groove of host MHC molecules, but ignore them

w� hen presented on foreign MHC. Then, negative selec-
t

�
ion deletes cells whose TCRs bind thymic MHC-pep-

t
�
ide complexes with very high affinity, thus preventing

t
�
he emergence of self reactive T cells. Overall, only
a	 bout 3% of thymocytes have the intermediate affinity
n� eeded to fully mature. In addition to self MHC restric-
t

�
ion, the mature repertoire is also characterized by
a	  high alloreactivity. Typically, 1–24% of T cells react
a	 gainst the product of a given foreign MHC allele. This
high response frequency is hard to reconcile with the
fact that only one T cell in 104–106

;
 of the naive reper-

t
�
oire recognizes a given pathogen.

W
 

hat should the quantitative properties of the pro-
c� esses driving TCR generation and selection be in order
t

�
o produce the experimentally observed levels of self

restriction, alloreactivity and antigen response? In
a	  series of studies4, 5 we have addressed this issue using
a	  computer simulation based on the following model.
The features of two proteins that determine their bind-
i

�
ng can be described with a relatively small number of
p� arameters, such as their geometric shape, charges and
hydrophobicity. All these parameters combine to form
t

�
he protein’ s “generalized shape”, modeled as a string
o� f digits18 from an alphabet of up to 255 digits. The
strength of binding of two proteins is then defined as
t

�
he degree of complementarity between the digits rep-

resenting their generalized shapes (Fig. 3). Only the
interface between TCRs and MHC-peptide complexes
is represented in the model. We define the affinity,
K

<
, between two digit-string proteins, as the sum of their

individual digit interactions.
M

$
HC molecules and peptides are modeled as ran-

d


om strings, l

=
m>  and l

=
p?  digits long, respectively. TCRs

a	 re modeled as random strings, (l
=
m>  + lp? )

@
 digits long. The

number of MHC alleles expressed in an individual is
nA m> . A given MHC allele can present a panel of nA p?  dis-
t

�
inct self peptides. We also assume that, because of

a	 llele-specific binding motifs, MHC molecules of dif-
f

�
erent haplotypes present different subsets of self pep-

t
�
ides. This is mathematically equivalent to presenting

t
�
he same peptides in different conformations. Thus,
a	  TCR is selected by a self environment composed of
nA m>  × np?  MHC-peptide complexes. Selection is im-
p� lemented by introducing two affinity thresholds for
p� ositive and negative selection, K+ and K – (K+<

B K –)
C
.

C
D

lones binding at least one self MHC-peptide complex
w� ith affinity K larger than K+ survive positive selec-
t

�
ion. Negative selection deletes clones binding one or

more self MHC-peptide complexes with affinity K
larger than K  –. The values of K+E  and K – are derived
f

�
rom experimental data by considering the fractions of

c� lones surviving the different stages of selection5
-
. Fur-

t
�
hermore, a mature clone is considered activated by
a	  set of MHC-peptide complexes if the affinity of bind-
ing between its TCR and at least one MHC-peptide
c� omplex in this set is greater than K  –.

A
#

ll the parameters of the model can be estimated
from biological data except the number of possible di-
g� its, which controls the discretization of the model and
h

%
as no effect on it as long as it is chosen large enough4

F
.

C
D

alculations were done for all parameter combinations
t

�
hat can be obtained from the biologically plausible

r! anges. The likely operating parameter regime of af-
finity-driven selection is determined by comparing
simulation results to experimental data on antigen re-
sponse frequency, alloreactivity and self restriction.

Fig. 3. T
G

he string representation of MHC-peptide and TCR interac-
tions. The affinity, K, of the interaction between a TCR and an
MHC-peptide complex, is the sum of Ki, the interactions between
facing digits in the two aligned strings, which represent the com-
plementarity between these digits. In the example shown here, the
string length is 12 digits and the affinity K=18
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U
H

sing these comparisons, we found that affinity-driven
selection is compatible with experimental estimates of
t

�
hese latter quantities only if the following conditions

h
%
old:

– TC
D

Rs see more peptide residues than MHC poly-
morphic residues. We showed that if alloreactivity lies
i

�
n the range of 1–24%, then one T cell in 104

F
–106

;
 rec-

o� gnizes a given pathogen, and if the repertoire is self
MHC-restricted (by any amount), then the relative con-
t

�
ribution of peptide (as opposed to MHC polymorphic)

residues to TCR binding should be in the range of
36–85% on average. In other words, if a TCR contacts
o� n average 4 peptide residues, as suggested by several
MHC-peptide crystal structures5

-
, then it should also

c� ontact an average of 0.7–6.5 MHC polymorphic
r! esidues;

– The majority of positively selected clones are
d



eleted by negative selection, that is, alloreactivity is in

t
�
he experimental range (1–24%) only when the fraction

o� f positively selected clones that also survive negative
selection is less than 37%. Thus the affinity model is
n� ot compatible with the upper bound for this fraction,
9

I
5%, proposed by LAUFER et al.10;

– Between 1 and 3.6 clonal divisions occur on
a	 verage in the thymus after completion of TCR rear-
rangement;

– Selection is driven by 103
1
–105

-
 self peptides. Con-

sidering together the constraints on alloreactivity and
o� n the response frequency to foreign peptides leads to
t

�
he conclusion that the number of self peptides that

d


rive thymic selection must be in the range 103

1
–105

-
.

T cell development has been investigated from
a	  variety of perspectives encompassing, on the one
hand, molecular events underlying T cell selection and
a	 ctivation and, on the other hand, dynamics of thymic
c� ell populations. However, the two levels of observa-
t

�
ion are not independent: molecular processes control

p� opulation dynamics, and both determine T cell reper-
t

�
oire properties. A thorough understanding of T cell se-
lection cannot be achieved without revealing the quan-
t

�
itative relationships between the these two levels of

d


escription of thymic selection. For example, alloreac-

t
�
ivity frequency is, by definition, a global property of
t

�
he T cell repertoire, not the property of any particular
T

�
CR/MHC-peptide ternary complex. Our model is

a	  first step in bridging the gap between microscopic
molecular events controlling T cell selection and acti-
v� ation and their effect on macroscopic properties of the
r! epertoire. This study revealed how quantitative par-
a	 meters inferred from data on cellular and molecular
l

�
evel experiments contribute to the shaping of the ma-

t
�
ure T cell repertoire.

I
0
n the work describe here, T cell clones were again

d


ealt with one at a time, rather than simultaneously.

Hence, we could not study the effects of competition,
o� r of a changing MHC-peptide “ landscape” , on the de-
v� elopment of the TCR repertoire. These remain open
issues for future work.

Conclusion

In the above I described several examples of theore-
t

�
ical models of lymphocyte repertoire generation and

selection. My aim was to point at the difficulties this
t

�
ype of modeling involves and demonstrate various

t
�
ypes of solutions. The main message I would like to

c� onvey is that theoretical tools, in particular computer
simulations, are very helpful for grasping, visualizing
a	 nd analyzing lymphocyte repertoire meta-dynamics, in
spite of their immense complexity. One needs only to
b

�
ear in mind that no model can, nor should, attempt to

b
�
e a complete description of reality. The model should

b
�
e simplified enough to enable a thorough analysis,

w� hile focusing in detail on those features of the system
in question which are essential for the problem studied.
A

#
ll models described above may potentially be de-

v� eloped further for future study whenever the need
a	 rises for complex, quantitative “ thought experiments”
t

�
o accompany experimental investigations.
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